We study nearby monodromy eigenvalues -the eigenvalues of the monodromy operators of singularities, adjacent to a given singularity of a holomorphic function f : (C n , 0) → (C, 0). More precisely, we express some of such values in terms of an embedded toric resolution of f (in the sense of Teissier and Tevelev). For this purpose, we introduce a local version of tropical characteristic classes, and use this calculus to find some of the nearby monodromy eigenvalues, which we call tropical.
Introduction
Let f : (C n , 0) → (C, 0) be a germ of a holomorphic function, non-degenerate with respect to its Newton polyhedron N. The Varchenko formula [19] expresses the ζ-function of the Milnor monodromy of f in terms of N. For all sufficiently small x 0 ∈ C n , the nearby singularity germ f x 0 : (C n , x 0 ) → (C, 0), f x 0 (x) = f (x 0 + x), is well defined. However, for n 4, this germ may be degenerate with respect to its Newton polyhedron, so its Milnor monodromy ζ-function, denoted by ζ x 0 , may be out of reach to the Varchenko formula (see Example 8.5 in [8] , which actually inspired this work).
We shall refer to the roots and poles of ζ x 0 as nearby monodromy eigenvalues of f , and aim at computing them in terms of the Newton polyhedron N. This question is motivated by the Denef-Loeser monodromy conjecture [2] : for every pole q of the topological ζ-function of f , the number exp 2πiq is a nearby monodromy eigenvalue.
Denef and Loeser [2] defined the topological ζ-function of a polyhedron N, denoted by Z N , which equals the topological ζ-function of every non-degenerate singularity with the Newton polyhedron N. As soon as n 3, it was shown in [15] that all nearby monodromy eigenvalues can be recovered from the Varchenko formula, and this observation translates the monodromy conjecture into a purely combinatorial statement about N, proved in [15] .
However, starting from dimension n = 4, some of the nearby monodromy eigenvalues, corresponding to zeros and poles Z N , cannot be extracted from the Varchenko formula (see Example 8.5 in [8] ). In order to prove the existence of these evading eigenvalues, to every lattice polyhedron N we shall assign the set of tropical nearby monodromy eigenvalues (abbreviating to t.n.e., see Definition 5.12 below) with the following two properties. Theorem 1.1. Every t.n.e. of the polyhedron N is a nearby monodromy eigenvalue of every singularity, non-degenerate with respect to N. Conjecture 1.2 (Polyhedral Denef-Loeser conjecture). For every polyhedron N and every pole q of the topological ζ-function of N, the number exp 2πiq is a t.n.e. of N.
Unlike the original Denef-Loeser conjecture for non-degenerate singularities, this (stronger) conjecture is a purely combinatorial statement about lattice polyhedra in all dimensions. For n 4, it is proved in [8] .
The scope of this paper is not restricted to singularities, non-degenerate with respect to Newton polyhedra: we shall actually introduce the notion of tropical nearby monodromy eigenvalues in the more general setting of embedded toric resolutions in the sense of Teissier [16] . More specifically, let f : (S, 0) → (C, 0) be a holomorphic function on a germ of an analytic set. We do not impose any non-degeneracy assumptions this time. The case (S, 0) = (C n , 0) is relevant to the original Denef-Loeser conjecture, but the results below will be valid for any S. Definition 1.3. An embedded toric resolution of f consists of a germ of a proper embedding i : (S, 0) ֒→ (C N , 0) and a toric blow-up π : Z → C N with the set of orbits E, satisfying the following properties:
1. The preimage π −1 (0) is a compact union of a certain collection of orbits E ∅ ⊂ E.
The images i(S) and i(f = 0) intersect the torus (C \ 0)
N by their dense subsets, denoted by S and X respectively.
3. The strict transforms of X and S under π, denoted by Y ⊂ W , are smooth in a neighborhood of π −1 (0) and intersect transversally each of the orbits E ∈ E ∅ (and hence each of E ∈ E) by smooth sets Y E and W E respectively.
For every germ of a holomorphic function f , admitting an embedded toric resolution π, we shall define the set of tropical nearby monodromy eigenvalues (t.n.e) M f,π (see Definition 5.7 below) that depends only on the combinatorics of Z and the Euler characteristics of connected components of the strata W E \ Y E , E ∈ E ∅ . Conjecture 1.4 (Constructive Denef-Loeser conjecture). For every embedded toric resolution π of every singularity f and every pole q of the topological ζ-function of f , we have exp 2πiq ∈ M f,π . Remark 1.5. 1. We extract nearby monodromy eigenvalues from topology of orbits E ∈ E of arbitrary codimension, while the Varchenko [19] (and, more generally, A'Campo [1] ) formulas make use of codimension 1 orbits only.
2. According to the Teissier conjecture, an embedded toric resolution is expected to exist for every singularity f : (C n , 0) → (C, 0). Tevelev [18] proved the existence of embedded toric resolutions in a somewhat weaker sense (omitting the condition 1 of Definition 1.3, because this condition makes no sense in the global setting studied by Tevelev).
3. Embedded toric resolutions provide a natural setting for tropical nearby monodromy eigenvalues, in the sense that restricting our attention only to non-degenerate singularities and their classical toric resolutions would not simplify this paper.
4. I do not know whether this maximal set M f,π coincides with the set of all nearby monodromy eigenvalues of f , but I expect it does not (i.e. the conjecture above is strictly stronger than the original Denef-Loeser conjecture).
The definition of tropical nearby monodromy eigenvalues relies upon the notions of tropical fans and tropical characteristic classes, which we introduce in Sections 2 and 3.
We work with these notions in a slightly more general setting than in the original paper [6] , in order to adapt them to the study of germs of analytic sets. In Section 4 we adapt the proof of the existence of tropical characteristic classes to this new setting.
In Section 5 we introduce tropical nearby monodromy eigenvalues and prove that they are indeed nearby monodromy eigenvalues. Then we specialize to the case of nondegenerate singularities and their classical toric resolutions. In Section 6 we use the calculus of fiber polyhedra to make the definition of tropical nearby monodromy eigenvalues of small codimension more explicit -the result of this simplification (Corollary 6.11) is used in the proof of the (polyhedral) Denef-Loeser conjecture in dimension 4.
Local tropical fans
Convention 2.1. There are two common conventions regarding support faces and functions:
• A face F of a polyhedron N in a real vector space V and a linear function v ∈ V * are said to support each other, if the restriction of v to N takes its maximal or minimal values at the points of F (in this case, F is denoted by N v ).
• The support function of N is the function N(·) : V * → R, whose value at a linear function v ∈ V * is the maximum or minimum of v restricted to N.
• The dual cone C * ⊂ V * to a given open cone C ⊂ V is the set of all support vectors of the vertex 0 ∈ C, i.e. the ones taking negative or positive values on C respectively.
The first convention agrees with the (max, +) notation in tropical geometry and is typical in the study of convex bodies and projective toric varieties. It however implies that the dual cone to the positive orthant in R n is the negative orthant, so this object is sometimes called the polar cone to distinguish it from the conventional one. Due to this issue, the second convention is more common in the study of toric resolutions of singularities.
Since the present paper is at the border of the two fields, we never take a side: all the computations below are written in a way intended to be independent of the choice of the two conventions. The only exception is Section 4, where we choose the first (maximal/negative) convention to work with (quasi)projective toric varieties.
n is a lattice, and C is an open convex rational polyhedral cone in the vector space L ⊗ Q. In the special case C = L ⊗ Q, the ambient cone will be denoted by the same letter L. If C contains the kernel of a given lattice homomorphism p, then the image p(C) is defined as the ambient cone (p(L), p(C)), otherwise p(C) is not defined.
For the readers familiar with the ring of tropical fans (see e.g. [12] , [9] ), the contents of this section is essentially reduced to the following definition and subsequent remarks. For other readers, we spend the rest of this section introducing weighted and tropical fans (along with some notation that we shall use later) from the scratch in the context of ambient cones. Definition 2.3. 1. Let Z(L) be the vector space of weighted fans in the lattice L, and C = (L, C) an ambient cone. Every k-dimensional weighted fan F ∈ Z(L) uniquely decomposes as
where
, informally speaking, F 1 is the intersection of F with the cone C.
• supp(F 2 ) ∩ C = ∅, i.e., informally speaking, F 2 is the intersection of F with the complement to C.
We denote the corresponding decomposition of Z(L) by
The first summand will be referred to as the space of weighted fans in the ambient cone
be the ring of tropical fans in the lattice L (i.e. weighted fans satisfying the balancing condition). Its image under the projection Z(L) → Z(C) will be denoted by K(C). The operation of multiplication of tropical fans survives this projection, and the resulting ring K(C) will be referred to as the ring of tropical fans in the ambient cone C.
Remark 2.4. 1. The set of all k-dimensional tropical fans in K(C) will be denoted by
2. An epimorphism of ambient cones p(C) = C ′ gives rise to the linear map p * :
, induced by taking the direct image of tropical fans. 3. Let C v be the localization of the cone C at v ∈ L, i.e. the cone generated by C and −v. The operation of localization of tropical fans induces a ring homomorphism K(C) → K(C v ), the localization of a tropical fan F ∈ K k (C) will be denoted by
4. The ring K(Z n , Q n ) is the conventional ring of tropical fans, serving as a combinatorial model for the ring of conditions of the complex torus (C \ 0) n ; the ring K(Z n , Q n + ) similarly reflects the intersection theory of germs of analytic sets in (C n , 0); more generally, if C is a pointed cone, then the ring K(C) reflects the intersection theory of germs of analytic sets in the affine toric variety of the cone C. The precise general statement will be given in the next section.
We now recall the notions, mentioned in Definition 2.3, and refer to e.g. [12] or [9] for the proofs.
Weighted fans. A k-dimensional weighted pre-fan F in the ambient cone C is a finite union S F ⊂ C of k-dimensional relatively open convex rational polyhedral cones, endowed with a locally constant function w F : S F → Q. The set S F and the function w F are called the support set and the weight function of F .
Two k-dimensional pre-fans F and G are said to be equivalent if the weights w F and w G are equal on the intersection S F ∩ S G and vanish outside of its closure.
A weighted fan is an equivalence class of pre-fans. If a weighted fan F is represented by a pre-fan F , we shall sometimes write S F and w F instead of S F and w F , if the choice of the representative does not matter.
Operations with weighted fans. The support set of a weighted fan F is the closure of the set {x | w F (x) = 0} for an arbitrary representative pre-fan F of F . To define the product q · F for a number q ∈ Q, multiply the weight function of an arbitrary representative of F by q. To define the sum of two weighted fans, choose their representatives F and G such that S F = S G , and define the sum as the equivalence class of the pre-fan (S F , w F + w G ).
Equipped with these two operations, the set of all weighted fans in the n-dimensional ambient cone C is a vector space denoted by Z k (C). In particular, every k-dimensional rational polyhedral cone P ⊂ C, endowed with the unit weight, gives rise to a fan that will be denoted by the same letter P ∈ Z k (C). These fans (over all cones P ) generate
An epimorphism of ambient cones p(C) = C ′ gives rise to the direct image linear map
, defined on every convex cone P ⊂ C as follows: -if dimp(P ) < k, then we set p * (P ) = 0.
-if dimp(P ) = k, then, denoting the vector span of P by U and the index
Let C v be the localization of the cone C at v ∈ L, i.e. the unique cone that is invariant under the shift by v and coincides with C in a small neighborhood of v. The localization of a weighted fan F ∈ Z(C) at a point v ∈ L is the unique weighted fan F v ∈ Z(C v ) that is invariant under the shift by v and coincides with F in a small neighborhood of v.
Ring of tropical fans. We now define subspaces of local tropical fans
has the natural ring structure. We start with the classical special case
If
is also a tropical fan, and its direct image under the projection along the diagonal
extends to the unique commutative associative multiplication
for all F , G and H.
We can now extend the definition of the graded ring K(Z n , Q n ) to K(C) for an arbitrary ambient cone C as in Definition 2.3.
Ring of tropical fans: constructive definitions.
There is a more constructive way to define tropical fans and their products. Definition 2.5 (Tropicality via balancing condition). I. Let F ∈ Z(L) be a 1-dimensional weighted fan, i.e. S F consists of finitely many rays, generated by primitive lattice vectors v 1 , . . . , v N , and the weight function w F takes the value w i at v i . Then F is said to be tropical, if it satisfies the balancing condition
III. An arbitrary weighted fan F ∈ Z(C) is said to be tropical, if, for every point v ∈ C, such that the localization F v ∈ Z(L) is a book, this book is tropical.
A book and a bookcrossing Definition 2.6 (Intersection number via displacement rule). I. If L ⊗ Q is decomposed into the direct sum of two subspaces U 1 ⊕ U 2 , we call a pair of tropical fans of the form q 1 · U 1 and q 2 · U 2 a crossing, and define the intersection number of these fans as
II. Let F and G ∈ K(L) be tropical fans of the form of complementary dimension. Then, for almost every u ∈ L ⊗ Q, the support sets S F + u and S G intersect transversally, i.e. the intersection of the closure of these two sets is a finite set {v 1 , . . . , v N }, and the localizations F v i −u and G v i form a crossing C i (or, informally speaking, the "shifted fans" F +u and G in a small neighborhood of the intersection point v i coincide with the crossing C i up to a shift). Then the local intersection number of F v i −u and G v i at v i is defined as the intersection number of the crossing C i , and the total intersection number F • G is defined as the sum of the local ones. Tropicality of F and G ensures that the result is independent of the choice of the displacement u. 
Definition 2.7 (Multiplication via intersection numbers). I. A pair of tropical fans
II. The product of arbitrary fans F and G ∈ K(C) in the ambient cone C = (L, C) is defined as the fan H such that, for every v ∈ C,
• if the localizations F v and G v form a bookcrossing, then
where the right hand side is defined in (I). In particular, we have v ∈ S H , and the weight w H (v) equals the intersection product from (I).
• otherwise v / ∈ S H .
Dual fans of polyhedra. An important example of tropical fans and their products comes from dual fans of lattice polyhedra. For a lattice polyhedron N ⊂ L * ⊗Q of the form C * + (bounded set), the k-
is defined by a pre-fan F such that S F is the set of all vectors v ∈ L ⊗ Q, whose support face N v ⊂ N is bounded and k-dimensional, and w F (v) is the k-dimensional lattice volume of the face N v (recall that the lattice volume on the lattice Z k is k! times the metric volume, so the lattice volume of every lattice polytope is integer). The fan [N] k is tropical, and equals the product of k 
Local tropical characteristic classes
Let C = (L, C) be an n-dimensional ambient cone, where L is dual to the character lattice of a complex torus T ∼ = (C \ 0) n . If the cone C coincides with the whole space L ⊗ Q, then the ring K(C) is well known as a combinatorial model for the ring of conditions of T . This fact extends to an arbitrary C as follows.
Let Σ be a simple fan (not to be confused with weighted and tropical fans), subdividing the closure of the cone C, and let X Σ be the corresponding toric variety (see e.g. [7] for fans and toric varieties). Let X c Σ be the union of precompact orbits of X Σ (i.e. the orbits corresponding to the cones of Σ in the interior of C). We call X c Σ the compact part of X Σ (and it is indeed compact). We denote the j-th homology group of the pair (
The relative Poincare duality induces a ring structure on the sum
Proposition 3.1. The direct limit of the rings H c (X Σ ) with respect to subdivisions of Σ is isomorphic to the ring K(C). This isomorphism is uniquely defined by the condition that, for every Laurent polynomial p on T , whose Newton polytope N is compatible with the fan Σ, the inclusion H c (X Σ ) ֒→ K(C) sends the fundamental class of the closure of the hypersurface p = 0 to [N].
The proof is the same as for the well known global case C = L ⊗ Q (see e.g. [12] ). Definition 3.2. 1) A C-germ of an analytic set is the intersection of T with a germ of an analytic set in the pair (X Σ , X c Σ ) for a fan Σ subdividing C (e.g. trivially; the definition is independent of the choice of Σ).
2) Every C-germ of an analytic set P defines an ideal I P in the ring of germs of analytic functions on (X Σ , X c Σ ). Every vector v ∈ C defines a valuation on this ring, and the initial parts of elements of I P with respect to this valuation define a variety P v that will be called the v-initial part of P .
3) A linear combination of the characteristic functions of finitely many analytic Cgerms with rational coefficients is called a C-germ of a constructible function. The vector space of such functions will be denoted by A(C).
4) For an epimorphism of tori π : T → T ′ and the corresponding linear map of their Lie algebras p, such that p(C) = C ′ , the MacPherson direct image
is the unique linear map that sends the characteristic function of M ⊂ T to ϕ : T ′ → Q such that ϕ(y) is the Euler characteristic e M ∩ π −1 (y) . 5) The tropicalization is the unique linear map A(C) → K(C) that sends every irreducible C-germ of an analytic set P to its fundamental class [P ] in H c (X Σ ) ⊂ K(C) for any sufficiently fine fan Σ. (A sufficient condition on Σ is that the closure of P in X Σ intersects all orbits properly.) Definition 3.3. The (local) tropical characteristic class is the unique linear map
that sends every C-germ P to an element
and satisfies the following properties: 1) For any C-germ of a codimension k analytic set P , its characteristic class equals
where P k is the tropicalization [P ], and, in the global case C = L ⊗ Q, the Euler characteristic e(P ) equals P n ∈ K 0 (C) = Z (note that in the local case C L ⊗ Q we have P n ∈ K 0 (C) = 0). 2) For any C-germs of analytic sets P and Q, we have
for almost all elements t ∈ T , where tQ is the set Q ⊂ T shifted by the element t of the group T .
3) For any C-germ P and C ′ -germ Q, we have
4) For an epimorphism of tori π : T → T ′ and the corresponding linear map of their Lie algebras p, such that p(C) = C ′ , every constructible function ϕ ∈ A(C) satisfies π * ϕ = p * ϕ .
5)
If, for some vector v ∈ C, the initial part P v of a germ of an analytic set P is regular, then
i.e. the localization of the characteristic class of P at v equals the characteristic class of the v-initial part of P . 6) Consider a constructible function ϕ : T → Q and a simple fan Σ. If the support set of the tropical fan ϕ k ∈ K k (C) is contained in the codimension k skeleton of Σ for all k = 0, . . . , n, i.e. the characteristic class ϕ is contained in the subring H c (X Σ ) ⊂ K(C), then this class equals the Chern-Schwartz-MacPherson class of the constructible function ϕ : X Σ → Q extended to the complement X Σ \ T by 0.
The existence of local tropical characteristic classes with these properties can be proved with the same explicit construction as in the global case C = L ⊗ Q (see [6] ), see the next section.
Another independent proof of the existence of tropical characteristic classes is given in [10] , and it extends to the local setting as well. The approach in [10] gives the existence of tropical characteristic classes for a special class of varieties (schön varieties), but this class is essentially enough for the purpose of the present paper. 
Relative tropical fans and a construction for tropical characteristic classes
The aim of this section is to provide a construction for tropical characteristic classes, in order to prove that they exist (we do not need this construction in what follows). The construction is essentially the same as for the global case in [6] , as soon as we use the right target ring, somewhat different from K(C). Let us introduce it.
Relative tropical fans. This definition may not seem too natural at the first glance, but its geometrical meaning is clarified by the relation with a local version of the mixed volume, see below. Its crucial advantage over K k (C) (for Theorem 4.12 below) is that KK 0 (C) = Z equals Q for all ambient cones C, while K 0 (C) = Z only in the global case C = (Q n , Z n ). There is also a non-trivial point in this definition: Lemma 4.2. The intersection index does not depend on the choice of representatives (P i , Q i ).
II. Direct images and localizations of relative tropical fans are defined componentwise. III. The intersection index of relative tropical fans with representatives (P
Proof. It is enough to prove that, if (P 1 , Q 1 ) = (R, R), and the support of the fan R avoids C, then the intersection number vanishes. By Definition 2.6, in order to compute the intersection number of P i 's (or Q i 's), we should shift P i 's and Q i 's by generic displacement vectors u i ∈ L ⊗ Q and count local contributions of the intersection points v 1 , . . . , v M of shifted P i 's (or intersection points w 1 , . . . , w N of shifted Q i 's). However, if we choose u 1 = 0 and generic u i ∈ C for i > 1, then, for every point v of the support set of R, the shifted fans P i and Q i will locally coincide:
∈C. Thus, we have v j = w j for all j, and the contribution of each of these intersection points to the intersection number of P i 's is the same as for Q i 's. 
where F 1 and G 1 ∈ KK(C 1 ) have complementary dimension, and II. The product of arbitrary relative tropical fans F = (P 1 , Q 1 ) and G = (P 2 , Q 2 ) ∈ KK(C) is defined as the fan H = (P, Q) ∈ KK(C) such that:
for every v ∈ C,
• if the localizations (P 1 ) v and (P 2 ) v form a bookcrossing, and (Q 1 ) v and (Q 2 ) v form a bookcrossing, then
• otherwise v / ∈ S P and v / ∈ S Q ; and, for every v ∈ ∂C, • if the localizations F v and G v form a bookcrossing, then H v = F v · G v , where the right hand side is defined in (I).
• otherwise v / ∈ S P and v / ∈ S Q .
Remark 4.4. The ring K(C) naturally embeds into KK(C), sending a fan F to the pair (F , F ). We shall denote the latter relative fan by the same letter F when it comes to adding and multiplying it with other relative tropical fans.
Relative mixed volumes. Let C = (L, C) be an n-dimensional lattice cone and C * ⊂ L * ⊗ Q its dual cone. III. The volume of a relative polyhedron Vol(A, B) is the difference of the lattice volumes ofÃ \B andB \Ã.
IV. The mixed volume of relative polyhedra is the unique symmetric multilinear function MV : A, B) , . . . , (A, B)) = Vol(A, B).
Lemma 4.6. 1. The dual fan does not depend on the choice ofÃ andB. 2. Taking the dual fan is a linear map P P (C) → KK 1 (C). 3. We have MV ((A 1 , B 1 ), . . . , (A n , B n ) 
Part 1 is obvious, 2 and 3 follow from the same properties for non-relative polytopes.
Relative Kouchnirenko-Bernstein-Khovanskii formula. Recall that a polyhedron in a vector space V is said to be compatible with a fan in a vector space V * , if the support function of the polyhedron is linear at every cone of the polyhedron and is not defined outside. Every lattice polyhedron is compatible with some simple fan ( [13] ).
Let Σ be a simple fan subdividing the closure of an ambient cone C = (L, C). Its one-dimensional cones are generated by primitive vectors v i ∈ L and correspond to codimension 1 orbits of the corresponding toric variety. Denote the closures of these orbits by D i .
Let A be a polyhedron compatible with Σ, denote the value of the support function A(v i ) by m i . Then there exists a unique very ample line bundle I A on X Σ equipped with a meromorphic section s A , such that the divisor of zeros and poles of s A equals i m i D i . Moreover, this correspondence, assigning the pair (I A , s A ) to the polyhedron A, is an isomorphism between the semigroup of convex lattice polyhedra compatible with Σ, and the semigroup of pairs (I, s), where I is a very ample line bundle on X Σ , and s is its meromorphic section with zeros and poles outside of the dense torus.
For every germ s of a holomorphic section of I A on (X Σ , X 
Theorem 4.10 (Relative Kouchnirenko-Bernstein-Khovanskii formula, [4] ). I. In the setting of Definition 4.9, assume that the sections s i of the line bundles I A i have Newton polyhedra B i ⊂ A i , such that A i \ B i is bounded, and generic principal parts. Then the Euler characteristic of the Milnor fiber of (s 1 , . . . , s k ) on the whole toric variety X Σ equals
where the product of n relative polyhedra stands for their relative mixed volume. II. In particular, if k = n, then the intersection of the sets {s 1 = ε 1 }, . . . , {s k = ε k } is contained in the compact part X c Σ , so the intersection index of these sets is correctly defined and equals the relative mixed volume of (A 1 , B 1 ) , . . . , (A n , B n ).
Construction of local tropical characteristic classes.
Definition 4.11. Let C be an n-dimensional ambient cone. A function Φ : P P (C) → R is said to be a polynomial starting from (A, B) ∈ P P (C) if there exist relative fans
for every (A ′ , B ′ ) ∈ P P (C) whose support functions satisfy the condition
The multiplication in this definition is understood in the sense of Remark 4.4. 
starting from some relative polyhedron. II. The coefficients F i ∈ K n−i (C) satisfy the properties of the tropical characteristic classes S n−i ∈ K n−i (C) of the set S (Definition 3.3). This in particular proves the existence of tropical characteristic classes.
III. The Euler characteristic of the Milnor fiber of (s 1 , . . . , s k ) on S equals the 0-dimensional component of the product
, and the result is in KK 0 (C) = Q.
The proof for the global case C = (Q n , Z n ) is given in [6] , Sections 2.4-2.6. The proof in the general case is the same verbatim, adding "relative" to all tropical fans, polytopes and references to the Kouchnirenko-Bernstein-Khovanskii formula.
Definition 5.7. We say that s with a non-tautological denominator m is a tropical nearby monodromy eigenvalue in C I , if we have
It is said to be tropical in codimension d, if the codimension d component
Remark 5.8. 1. This terminology implies that the same nearby monodromy eigenvalue may be tropical in several different codimensions. 2. One can readily verify that a codimension 0 tropical eigenvalue in C ∅ is just a root or pole of the monodromy ζ-function of f at 0.
Theorem 5.9. 1) The set of tropical nearby monodromy eigenvalues in C I depends only on the combinatorics of the toric blow-up π and the Euler characteristics of sets Φ M,H,E for E ∈ π −1 (0), H ∈ V I and m|M. Namely, if the closureH is the toric variety associated to a fan Σ H , then the tropical fan Φ M,H,H d is the union of all codimension d cones E ⊂ Σ H with the weights equal to the Euler characteristics e(Φ m,H,E ).
2) Every tropical nearby monodromy eigenvalue is indeed a nearby monodromy eigenvalue.
Define the constructible function F M,I as the sum of the MacPherson direct images
I , A'Campo's formula [1] for the Milnor monodromy ζ-function ζ x 0 of the germ of f at the point x 0 reads as follows.
We can now prove Theorem 5.9.
Proof. Part 1 follows from the properties (1) and (5) We now specialize to the case of a classical toric resolution π : Z → C n of a nondegenerate singularity f : (C n , 0) → (C, 0) with respect to its Newton polyhedron N, i.e. assume that i : (S, 0) = (C n , 0) ֒→ (C N , 0) is the identity map.
Definition 5.11. A (not necessarily bounded) face Γ ⊂ N is called a V -face, if it is contained in a coordinate subspace Q J such that |J| = dim Γ + 1. More precisely, it is called a V I -face, where I ⊂ J a unique minimal (by inclusion) subset such that the projection of Γ along R I is bounded.
For a V I -face Γ ⊂ Q J , let m Γ be its lattice distance to 0 in Q J , i.e. |Z J /L Γ |, where L Γ is the lattice generated by pairwise differences of the lattice points of Γ. There is a natural projection π from the dual space of L Γ ⊗ Q to the dual space of Q I . We denote C Γ = π −1 (C I ), and this cone together with the lattice L * Γ forms an ambient cone C Γ , such that Γ ∈ K(C Γ ) (the notation Γ is introduced in Example 3.4 and is justified by the fact that Γ equals the tropical characteristic class of a generic hypersurface with the Newton polyhedron Γ).
Definition 5.12. We say that s is a tropical nearby monodromy eigenvalue of the polyhedron N in C I , if we have
Corollary 5.13. If s is a tropical nearby monodromy eigenvalue of the polyhedron N in C I , then, for every non-degenerate singularity f : (C n , 0) → (C, 0) with the Newton polyhedron N, there exists x 0 ∈ (C \ 0)
I arbitrary close to 0 such that s is a monodromy eigenvalue of the germ of f at x 0 .
Low codimension
In this section we make the notion of tropical nearby monodromy eigenvalues in codimension 0 and 1 more explicit. This simplification is based on the notion of a fiber polyhedron.
Denote {1, . . . , n} \ I byĪ. The coordinate projection of a polyhedron N ⊂ Q n along Q I and its image will be denoted by π I : N → N I .
Definition 6.1. For every polyhedron B ⊂ N I , the fiber polyhedron B N of N over B is defined (up to a shift) as the set of all points of the form (1 + dimB) B s(x) dx, where s runs over all continuous sections B → N of the projection π I : N → N I , and dx is the lattice volume form.
The multiplier (1 + dimB) is introduced to ensure that for every lattice polyhedron B the fiber polyhedron is also a lattice one.
We come back to the setting and notation of Definition 5.12, assuming that B = π I (Γ).
Proposition 6.2. 1) π * Γ |I| is the cone C I with the weight equal to the lattice volume of B.
2) π * Γ |I|−1 is the dual fan of the fiber polyhedron B N.
The first part is well known, and the second one is proved in [17] for the case of bounded polytopes. The proof in the general case is the same. Denote
where B runs over all bounded V -faces of N I , such that m|m B .
Remark 6.3. The set of polyhedra of the form (bounded polytope)+(the positive orthant of Q I ) is a semigroup with respect to Minkowsky summation. We subtract polyhedra as elements of the Grothendieck group of this semigroup.
Definition 6.4. The aforementioned Grothendieck group will be referred to as the group of virtual polyhedra.
Corollary 6.5. 1) s is a tropical nearby monodromy eigenvalue in codimension 0 in C I , if it is a zero or pole of the Varchenko function
where B runs over all bounded V -faces of N I , and VolB is the lattice volume. 2) s is a tropical nearby monodromy eigenvalue in codimension 1 in C I , if the polyhedron Φ (m,I) is non-trivial (i.e. has at least one bounded edge).
This follows from Corollary 5.13 and Proposition 6.2. Let us now assume w.l.o.g. that I = {1, . . . , k} and write the tuple x = (x 1 , . . . , x n ) as (y, z), where y stands for the first k variables, and z is the rest. In particular, we shall write f ( In particular, this difference is a polyhedron.
See [5] for the generalization of this fact to B of arbitrary dimension. In what follows, it will be important to know when the polyhedron ∆ B is trivial, i.e. equals the postive orthant up to a shift. Example 6.7. If k = 1, i.e. B is a primitive segment, then ∆ B is trivial, since the discriminant of a polynomial of degree 1 is trivial.
Hence, for an arbitrary k, splitting B into primitive segments B 1 , . . . , B k , we observe that We now work out the cases of small |I| and |Ī|. For |I| = 1, all tropical nearby monodromy eigenvalues have dimension 1.
Example 6.9. For |Ī| = 1, the number s is tropical in codimension 0, iff m|d, where d is the starting point of the ray N I ⊂ Q 1 . The number s is tropical in codimension 1, if it is tropical in codimension 0, and the polyhedron N d is non-trivial, i.e. is not equal to the positive orthant up to a shift. Theorem 6.10. Assume that |Ī| = 2. Then s is tropical in codimension 1 at the coordinate plane C I iff there exists a point a ∈ Z I satisfying all of the following: 1) a is contained in an edge B ⊂ N I such that m|m B ; 2) a itself is not a V -vertex, or a V -vertex such that m ∤ m a ; 3) the polyhedron π −1 I (a) is non-trivial, i.e. has a bounded edge. Proof. For any face B of N I define i B to be 1 if B is a V -face such that m|m B , and 0 otherwise. For every edge B of N I with end points P and Q define the polyhedron Φ B to be i B B N − i P N P − i Q N Q (this is indeed a polyhedron by Corollary 6.6). The sought polyhedron Φ (s,I) is the sum of the polyhedra Φ B over all edges B ⊂ N I , and, by Lemma 6.8, every summand is trivial unless it contains a point a satisfying the conditions (1-3) above.
We shall say that s is contributed by a face B ⊂ N I , if B is a V -face, and m|m B .
Corollary 6.11. Assume that |Ī| = 2. Then s is a tropical nearby monodromy eigenvalue in codimension 0 or 1 at the coordinate plane C I , unless one of the following four cases takes place:
1) No V -face B ⊂ N I contributes s.
2) The polyhedron N I has one edge B with one interior lattice point p and two Vvertices a and b, all of them contribute s, and the polyhedron N p is trivial.
3) s is contributed only by one V -vertex a i ∈ N I and its adjacent edge B of lattice length 1, and for the other end point b ∈ B, b = a, the polyhedron N b is trivial.
4) The same as (3) for two V -vertices and their adjacent edges, provided that these two edges do not coincide.
